For O(4)-symmetric instantons, there are two complementary interpretations for their analytic continuations. One is the nothing-to-something interpretation, where the initial and final hypersurfaces are disconnected by Euclidean manifolds. The other is the something-to-something interpretation, introduced by Brown and Weinberg, where the initial and final hypersurfaces are connected by the Euclidean manifold. These interpretations have their own pros and cons and hence they are complementary. In this paper, we consider analytic continuations of thin-shell instantons that have less symmetry, i.e., the spherical symmetry. When we consider the Farhi-Guth-Guven/FischlerMorgan-Polchinski tunneling, the something-to-something interpretation has been used in the usual literature. On the other hand, we can apply the nothing-to-something interpretation with some limited conditions. We argue that for both interpretations, we can give the consistent decay rate.
I. INTRODUCTION
One of the main goals of modern theoretical physics is to develop a consistent theory of quantum gravity.
This consistent quantum theory of gravity will help us to understand two important and interesting physical problems; one is the information loss problem of a black hole [1] and the other is the initial singularity problem of the universe [2] . Even though there is no consensus on quantum gravity yet, we already briefly know that these problems should be fairly discussed by quantizing the spacetime, i.e., by investigating the wave function of the universe via the Wheeler-DeWitt equation [3] .
The Euclidean path integral approach gives good wisdom for these two problems [4] . Although the Euclidean path integral is not a complete approach in the sense that the path integral is not bounded from below, this Euclidean path integral is at least a good approximation of the ground state wave function. This wave function can be well approximated by solving on-shell solutions, so-called instantons. These instanton solutions present approximate but very important contributions as non-perturbative effects; and all of these results will probably not be largely changed even when we eventually know a consistent theory of quantum gravity.
In this perspective, we focus on classical and quantum behaviors of thin-shell bubbles in Einstein gravity. By using the thin-shell approximation [5] , we can investigate not only the O(4) symmetry, but also the spherical symmetry. This means that now we can deal with non-perturbative effects of black holes and hence this can be related to the information loss problem (for further review, see [6] ). As Maldacena [7] and Hawking [8] have pointed out, non-perturbative effects of a black hole will shed some light on the information loss problem [9] [10] [11] .
More specifically, in this paper, we are interested in the interpretation of instantons. By interpretation, we mean the way to analytically continue instantons to Lorentzian signatures, while an instanton itself is a solution in the Euclidean signatures. As we discuss in the following sections, in the O(4)-symmetric instantons [12, 13] , there are two competitive interpretations; one is that the initial and final hypersurfaces are separated by instantons and the other is that the initial and final hypersurfaces are connected by instantons [14] . The former is a more mathematically complete interpretation, while the latter is a more natural generalization from the interpretation of the Minkowski case. In this paper, we regard the two interpretations as being complementary to each other. In addition, we generalize this complementary interpretation to thin-shell instantons that have less symmetry than the O(4) symmetry. This helps us to see the same instanton with a different point of view; and we may find interesting solutions that will be helpful in understanding the information loss problem of black holes. This paper is organized as follows. In SEC. II, we summarize two complementary interpretations for O(4)-symmetric instantons. In SEC. III, we generalize these interpretations to thin-shell instantons. We discuss that for some limited cases, we can interpret thin-shell instantons such that the final hypersurface is disconnected from the initial hypersurface. In this case, we can further argue that a stationary black hole can disappear into a trivial geometry without a singularity or an event horizon by emitting an out-going shell. This sheds some light on the information loss problem. Finally, in SEC. IV, we summarize our results and discuss possible future issues. In this paper, we use the convention that c = = G = 1.
II. ANALYTIC CONTINUATION OF DE SITTER SPACE: O(4) SYMMETRY

A. Coordinates of Euclidean de Sitter space
We can describe a Euclidean de Sitter space with the cosmological constant Λ = 1/ 2 by two well-known coordinates [14] : either the time-dependent form (left of FIG. 1)
where and χ is the angular direction) and τ -r coordinate (right: τ is the angular direction and r is the radial direction).
For inhomogeneous tunneling, we paste Euclidean and Lorentzian manifolds at the red dotted line. For homogeneous tunneling, we paste the manifolds at the blue dotted curve.
and variables cover
or the time-independent form (right of FIG. 1)
where
These two coordinates are connected by the following relations: (FIG. 3) .
B. Analytic continuations
When we interpret the inhomogeneous tunneling [12] , we do the Wick-rotation along the χ = π/2 slice (red dashed line in the left of FIG. 1 ) [15] , where this hypersurface satisfies the conditions
and hence is equivalent with the red dashed line in the right of FIG. 1.
On the other hand, when we interpret the homogeneous tunneling [13, 16] , we do the Wick-rotation along the η/ = π/2 slice (blue dashed curve in the left of FIG. 1) , where it satisfies
and hence is equivalent with the blue dashed curve in the right of FIG. 1.
In this paper, we are interested in the inhomogeneous tunneling. needs to interpret that a thermal excitation created the non-trivial field combination on B.
C. Pros and cons: motivation of this paper
Both of previous approaches give the same decay rate. Therefore, in terms of the calculations, we cannot distinguish which is true. However, these two different interpretations may have pros and cons. We illustrate these as follows.
-Nothing-to-something interpretation, pros: This is mathematically natural. The Euclidean-Lorentzian joined manifold is entirely smooth and maximally extended.
-Nothing-to-something interpretation, cons: This interpretation needs to cover beyond the Hubble radius r = , which is outside one's causal patch where may be unphysical.
-Something-to-something interpretation, pros: Everything happens inside one's causal patch. The initial state and final state are connected by the Euclidean manifold, where this corresponds well with the case without gravity.
-Something-to-something interpretation, cons: The Euclidean-Lorentzian joined manifold cannot be maximally extended. If the scalar field is non-trivial beyond the Hubble radius, then it needs to rely on the thermal excitation, which is quite subtle. In addition, this interpretation cannot be applied for anti-de
Sitter spaces.
In this paper, we regard these two interpretations as complementary approaches. We apply beyond the O (4) symmetry such as to spherical symmetry and see that there is a possibility to interpret using both ways.
III. DYNAMICS AND TUNNELING OF THIN-SHELL BUBBLES A. Equation of motion
We investigate the Einstein gravity with a scalar field,
where g µν is the metric, R is the Ricci scalar, φ is a scalar field, U (φ) is a potential of the scalar field, K is the Gibbons-Hawking boundary term [18] at a hypersurface h (which is the boundary ∂M of the entire manifold M), and K 0 is the Gibbons-Hawking boundary term of the Minkowski metric.
As a toy model, we consider a true vacuum bubble in the Schwarzschild background with the thin-shell approximation. That is, we use the following metrics for inside and outside the shell:
where + denotes outside the shell, − denotes inside the shell, and the metrics satisfy
, and M and L − are free parameters. In addition, the shell is located at r(t) with the induced metric
According to the well-known Israel's junction equation [5] , we can derive the equation of motion:
where σ is a constant tension parameter and ± = ±1 denotes the outward normal directions outside and inside the shell, respectively. Here, ± should be proportional to the extrinsic curvatures β ± , where In our setting with M − = 0 and L + = ∞, we can easily check that β − > 0. Regarding β + , in the large r limit, if 4πσL − < 1, then β + > 0 is also satisfied. In this paper, we consider these limits so that every tunneling happens within the right patch of the Penrose diagram of the Schwarzschild solution (see SEC. III B 2).
Finally, the junction equation can be simplified aṡ
Note that V (r) always goes to −∞ for the r → 0 limit or the r → ∞ limit if 4πσL − < 1 (FIG. 4) .
B. Farhi-Guth-Guven/Fischler-Morgan-Polchinski tunneling
We especially consider the case when V (r) = 0 has two solutions, say r 1 < r 2 . If r 1 ≤ r ≤ r 2 , then the shell is classically forbidden, while quantum mechanically we can consider a tunneling between r 1 and r 2 , or vice versa [19, 20] . Originally, Farhi-Guth-Guven [19] and Fischler-Morgan-Polchinski [20] considered tunneling of a false vacuum bubble, while in this paper we will consider a true vacuum bubble (hence, inside is anti-de Sitter space). This is just a technical reason for choosing positive extrinsic curvatures. However, we can adopt the same techniques of Farhi-Guth-Guven and Fischler-Morgan-Polchinski. In this sense, we name this tunneling process Farhi-Guth-Guven/Fischler-Morgan-Polchinski tunneling. After the tunneling, the shell reaches r 2 and expands toward infinity. The lower diagram is the shell dynamics in the Euclidean signatures. The shell moves from r 1 to r 2 . As we identify the initial and final surface, the Euclidean manifold connects from the initial to the final surface, and hence this is the something-to-something interpretation. Note that the left of (B) is periodically identified as Euclidean anti-de Sitter and hence there is no cusp singularity at R = 0 with any period. On the other hand, for the right of (B), in order to avoid the cusp singularity at the event horizon, we need to use the exact Euclidean time period 8πM .
Special interpretation: nothing-to-something
If the time period of the shell ∆τ (the Euclidean time for the process in which the shell starts from r 1 , reaches r 2 , and returns back to r 1 ) corresponds to the time period of the background 8πM , i.e., after considering the correct redshift, if the condition is satisfied that then one can apply not only the something-to-something interpretation, but also the nothing-to-something interpretation. If ∆τ + is not the same as 8πM , then in the action integration, the boundary term at infinity Euclidean-Lorentzian joined manifold is disconnected from the initial Schwarzschild black hole and hence this is indeed the nothing-to-something interpretation. As a simple generalization, one can further find more general cases: ∆τ + × N = 8πM , where N is a natural number.
We can show that for a given M and L − , there exists σ that satisfies ∆τ + × N = 8πM . We can rewrite the effective potential V (r) as
First, if 4πσL − = 1, then V (r) = 1 as r goes to infinity. Therefore, V (r) has only one zero and this corresponds to the limit when ∆τ = ∞. If σ decreases infinitesimally from the limit 1 = 4πσL − satisfying
then it allows two zeros. However, this is just a necessary condition. There may be a possibility that it allows no zeros with the condition L −1 − ≥ 4πσ. In order to find this limit, we think of the condition of σ that satisfies a degenerate zero: V (r 0 ) = V (r 0 ) = 0 with a zero r 0 . In this case, the solution stops at a constant radius 3 , and hence one can identify an arbitrary period including ∆τ = 0. Note that the corresponding r 0 is
By plugging this r 0 into V (r 0 ) = 0, we can prove that there are two zeros if M < M * , where In FIG. 8 , we plot M * as a function of L − and 4πσ. For a given L − , this M * ranges from zero to infinity, and so for a given L − and a given M , there is always a range of σ that allows M * > M . Therefore, for a given L − and M , we can smoothly scale ∆τ from 0 to ∞ by adjusting σ; and hence, (since r > 2M and Eq. (22) is a regular integration) there exists a proper σ that satisfies ∆τ + × N = 8πM (FIG. 9) .
C. Decay rates
Euclidean approach: Farhi-Guth-Guven/Gregory-Moss-Withers tunneling
The decay rate is
and the Euclidean action is
If we want to interpret this as the nothing-to-something interpretation, in order to subtract the boundary terms at infinity, the Euclidean time of the background should be the same as that of the solution. This may make a cusp singularity of the solution part, but if the inside of the shell has zero mass, then we do not need to worry about the cusp singularity. Applying the thin-shell approximation, one can calculate the decay rate of the thin-shell bubbles. In the literature, there are independent but consistent derivations of the decay rate.
Without derivation, we use the formula following Gregory-Moss-Withers [21] (here, is a differentiation with respect to r;˙is a differentiation with respect to τ ),
where τ (Euclidean proper time of the shell) and τ ± (Euclidean time of the outside and inside geometry) satisfy
Here, the first term of Eq. (31) originates from the regularization of the cusp singularity.
By using this, one can present the second term as
By using the identity β
Finally, by using the integration by parts, one can present this integration as equivalent to drr cos
In addition, by using straightforward calculations, we can finally reach the following form [22] :
where the wave function is approximated by Ψ ∼ e iΣ with a Σ that satisfies the Hamilton-Jacobi equation and the metric ansatz is given by
where all metric functions N t , N η , L and r are functions of η and t, where η is defined over a space-like hypersurface. When we do the thin-shell approximation, on the inside or outside of the shell, the integration becomes
while η covers inside (−) or outside (+) the shell (now is a differentiation with respect to η). The integration on the shell (between η shell − and η shell + , where η shell is the coordinate on the shell and is an arbitrary small number) becomes
where the shell is on r shell . If the stationary shell condition is satisfied, then
for inside and outside the shell.
For the nothing-to-something interpretation, there is no shell initially and there are two shells after tunneling.
On the final hypersurface, there are two shells. Therefore, the integral is presented as follows (FIG. 10) :
where η 1 is the position of the left shell and η 2 is the position of the right shell.
a. Shell integration The second and fourth terms are the integration over the shell. Note that η 1 − and η 2 + are the same outside geometry while η 2 − and η 1 + are the same inside geometry. Therefore, if we change the integration as follows
then two integrals share the common integrand. Now by changing the variable to r integration, the first integration is to r 1 (left shell) and the second integration is to r 2 (right shell); then we can present this integration by Therefore, one can easily prove that this gives the same result of the second term of the Gregory-Moss-Withers
b. Volume integration There remain volume integrations:
where the second integration is over the inside geometry while the first and third integrations are over the outside geometry. Note that because of the stationary shell condition (r = L f ± ), the only contribution comes from the arccos integration, where the arccos term is π if r < 0 (beyond the Einstein-Rosen bridge) or 0 if r > 0. In the end, the volume term contributes
where r h is the horizon radius of the internal geometry and r ∞ = ∞. This should be subtracted by the initial hypersurface integration:
where r + = 2M is the initial horizon radius. Finally, the subtracted volume term becomes
This gives the first term of the Gregory-Moss-Withers tunneling [21] .
c. Comments on cusp singularities We focused on the case when the internal geometry is anti de Sitter,
i.e., M − = 0. If M − > 0, then in general there appears a cusp singularity at the horizon of the internal geometry. This can be regularized by a certain scheme as Gregory-Moss-Withers did [21] . This regularization scheme could be doubted since it is a kind of singularity. On the other hand, if this regularized result can be justified by another independent way, then we can trust the regularization method. Note that the volume terms of Fischler-Morgan-Polchinski [20] exactly give the regularization terms of Gregory-Moss-Withers [21] .
This can be an independent justification of the regularization technique as well as the resolution of subtleties of the instanton approach (as was observed by [24] ).
D. Applications to the information loss problem
The nothing-to-something interpretation can be understood as the decay of a black hole. This can be especially applied to the information loss problem [1] .
If M − > 0, then this implies that a quantum fluctuation that emits a large mass (although the probability is exponentially suppressed) can cause a bias from the adiabatic process [25] . Therefore, the true event horizon r EH can be different from that of the putative event horizon r EH , where this would be the event horizon if there are only adiabatic processes. If |r EH − r EH | ∝ M + − M − Pl and the firewall [26] could be assumed to grow around r EH , then it can be a good proof that the firewall becomes observable from a distance, due to this non-adiabatic fluctuating process [25] .
If M − = 0, then this instanton induces a trivial geometry. In the Euclidean path-integral approach, the propagator between the initial hypersurface and final hypersurface can be presented by
where we sum over all metrics and fields that connect hypersurfaces i and f ; in the last part of the above equation, this path-integral can be well approximated by a sum over on-shell histories (instantons). Among the instanton paths that connect from i to f , if there is a trivial geometry without horizons nor singularities, e.g., the periodically identified anti-de Sitter space, then it is used to recover correlations in the end, as was emphasized by [7, 8] . Therefore, as long as there exists such an instanton with M − = 0, it will help recover correlations and will be well embedded in the scenario of the effective loss of information [9] .
IV. DISCUSSION
In this paper, we focused on two complementary interpretations of instantons. There are two types of interpretations, what we named the nothing-to-something interpretation, when the initial surface and final surface are disconnected by Euclidean geometries, and what we named the something-to-something interpretation, when the initial surface and final surface are connected by a Euclidean geometry. For Coleman-DeLuccia instantons [12] , the nothing-to-something interpretation is rather usual, while for thin-shell instantons [19] , the something-to-something interpretation is usual. On the other hand, a rather unusual interpretation is possible not only for Coleman-DeLuccia instantons [14] , but also for thin-shell instantons with some restricted conditions. We obtained a consistent decay rate by both approaches: the Euclidean approach [19, 21] and
Hamiltonian approach [20] . One important comment is that the two approaches are not coincide with each other, if the boundary term at infinity is not canceled; hence, if ∆τ + = 8πM is not satisfied, then we cannot do a consistent interpretation.
It is interesting that two independent approaches coincide with each other. The volume term of the Hamiltonian approach [20] corresponds to the regularization term around the cusp singularity of the Euclidean geometry [21] . This shows that the regularization technique of the Euclidean manifold is indeed in a right way. This justification helps us to investigate more general instantons, where we remain for possible future projects.
For a thin-shell instanton, if the nothing-to-something interpretation is possible, then we can further interpret that a stationary black hole decays and emits an out-going shell; and finally a black hole decreases its mass or even disappears. One remark is that FIG. 7 is related to the work of Hartle and Hawking [27] . In this path-integral derivation of Hawking radiation [27] , they constructed a tunneling of a particle (energy ω M , and hence one may neglect the back-reaction due to the emission of the particle), where the particle moves from inside to outside the black hole, and first moves backward in time and second moves forward in time.
This process is not allowed classically, but the entire wave function allows such a process; and the entire wave function can be approximated by a classical path that is analytically continued by the Euclidean time. Our result FIG. 7 can be interpreted as a generalization of [27] , but in our case, we can even consider the case that the emitted energy is comparable with the original black hole mass, since we have considered the back-reaction precisely.
Since a black hole can disappear by a quantum process, this can shed some light on the information loss problem [1] . This is not yet a very general solution, but if at once such a process exists, then information can be conserved through such a process [7] [8] [9] . In terms of the entire wave function, information should be conserved but the classical equations of motion including general relativity may not need to be satisfied due to the superposition of classical geometries, and hence this can be interpreted as the firewall phenomena [26] , while there is no real firewall that explicitly violates general relativity within a semi-classical background that can even be naked [25, 28] . On the other hand, for a semi-classical geometry, it satisfies local quantum field theory and general relativity, while it violates unitarity; since Hawking radiation does not contain information, it can be free from troubles with black hole complementarity [29, 30] . In this sense, we may name this idea the effective loss of information, since information is lost by a semi-classical observer, while the entire wave function conserves information, although it is fair to say that we need to generalize more on this process.
